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Abstract

The dynamic behaviour of one-dimensional flow (cocurrent and countercurrent) multistream heat exchangers and

their networks is modelled and simulated. The problems can be classified into two types: (1) dynamic responses to

arbitrary temperature transients and to sudden flow rate transients from a uniform temperature initial condition or a

steady-state condition, which yield a linear mathematical model; (2) dynamic responses to disturbances in thermal flow

rates, heat transfer coefficients or flow distributions, which are non-linear problems and should be solved numerically.

A linearized model is developed to solve the non-linear problems with small disturbances. The linear model and the

linearized model for small disturbances are solved by means of Laplace transform and numerical inverse algorithm.

Introducing four matching matrices, the general solution can be applied to various types of one-dimensional flow

multistream heat exchangers such as shell-and-tube heat exchangers and plate heat exchangers as well as their networks.

The time delays in connecting and bypass pipes are included in the models. The software TAIHE (transient analysis in

heat exchangers) is further developed to include the present general solution and is applied to the simulation of fluid

temperature responses of multistream heat exchangers. Examples are given to illustrate the procedures in detail.

� 2002 Elsevier Science Ltd. All rights reserved.

Keywords: Heat exchangers; Systems; Transient

1. Introduction

Multistream heat exchangers are widely used in

process industries such as gas processing and petro-

chemical industries to exchange heat among more than

two fluids with different supply temperatures owing to

their higher efficiency, more compact structure and

lower costs than two stream heat exchanger networks.

The use of multistream heat exchangers is more cost-

effective and can offer significant advantages over con-

ventional two-stream heat exchangers in certain appli-

cations, especially in cryogenic plants [1–3].

The steady-state behaviour of multistream heat ex-

changers has well been investigated numerically [4–13]

and analytically [14–26]. However, in industry heat

exchangers and their networks frequently undergo

transients resulting from external load variations and

regulations. In many industrial processes and opera-

tions, such as in nuclear reactors, power plants and

chemical processes, precise simulations of the transient

responses of heat exchangers are required. Optimal op-

eration, treatment of accidents and real-time control

and regulation also demand more accurate description

of the time-domain behaviour of heat exchangers. With

the computing power available today, modern control

theories are also developed to control thermal systems

using real-time dynamic models of heat exchangers.
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Since the first dynamic model presented and solved by

Anzelius [27] for the heat transfer between a porous

medium and a fluid passing through it, many studies

have been made. Historical reviews of earlier investiga-

tions on modelling and dynamics of heat exchangers

were given by Kays and London [28] and Kanoh [29].

Shah [30] formulated the transient response problems of

one-dimensional flow heat exchangers and summarized

the available specific solutions for counterflow and

cross-flow heat exchangers and thermal regenerators

subjected to a step change in inlet temperature and/or

flow rate of one or both fluids. New developments in

dynamic analysis of heat exchangers were reviewed by

Roetzel [31]. Systematic description of the dynamic be-

haviour of heat exchangers was provided by Roetzel and

Xuan [32], in which the linear problems of multipass

heat exchangers are solved.

For a long time the investigations of dynamic be-

haviour of multistream heat exchangers were restricted

to the plate-fin type since the most multistream heat

exchangers used in industries are of this type. Dynamic

behaviour of multistream plate-fin heat exchangers was

first studied numerically by Pingaud et al. [33]. In their

model the dynamics of fins were simplified by the use of

fin efficiency derived from the steady-state analysis, so

that the plate-fin heat exchangers can be treated as

multichannel heat exchangers. With modern computer

technology and numerical methods there is no problem

to simulate dynamic responses of multistream heat ex-

changers. However, the numerical methods have some

limitations, mainly numerical errors and time-consum-

ing computation. Therefore, great efforts have been

done in order to get more accurate, simple and rapid

dynamic simulations. The lumped parameter model was

developed by Cai and his coworkers [34–38], which

provides the dynamic behaviour of the apparatus with-

out dealing with detailed local temperature dis-

tributions. They compared different forms of lumped

parameter model with experimental results and found

that the model using the outlet temperatures as lumped

parameters and the logarithmic mean temperature dif-

ferences as the driving forces would give the best results

[34]. The coefficients appearing in the transfer functions

were determined by experiments. Ye [39] further ob-

tained the outlet fluid temperature responses by invers-

ing the transfer functions into the time domain. The

coefficients of transfer functions were determined by

parameter matching between the analytical outlet tem-

perature variation and the numerical results obtained

from a distributed parameter model in which the tran-

sient component of the heat flux in fins is neglected

[35,38]. Luo and Roetzel [40,41] analytically investigated

the effect of the fin dynamics on the temperature re-

sponses of plate-fin heat transfer surfaces and found that

the effect of lateral heat conduction resistance along the

fins should be considered if the fins have higher values of

Nomenclature

F heat transfer area, m2

G interconnection matrix

G0 entrance matching matrix

G00 exit matching matrix

G000 bypass matrix

H matrix of eigenvectors of the governing

equation system

k overall heat transfer coefficient, W/m2 K

L length of the heat exchanger, m; also La-

place transform operator

M number of channels; also total mass, kg

Mw number of walls

N 0 number of stream entrances

N 00 number of stream exits

s Laplace parameter, s

T fluid temperature vector, K

t temperature, K

U heat transfer parameter, U ¼ aF =L, W/mK
U � overall heat transfer parameter, U � ¼ kF =L,

W/mK

W W ¼ Mcp=L, heat capacity per unit length, J/
mK

_WW thermal flow rate, W/K

x spatial coordinate along the flow path of the

heat exchanger, m

Greek symbols

a heat transfer coefficient, W/m2 K

K vector of eigenvalues of the governing equa-

tion system

H excess fluid temperature vector, H ¼ T� bTT,
K

h excess temperature, h ¼ t � t̂t, K
Ds time delay in connecting pipe, s

s time, s

Superscripts
0 entrance
00 exitb steady state

� parameters at new operating pointe Laplace transform

Subscript

w wall
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Biot number (lower fin efficiency), such as stainless steel

fins with a high ratio of height to space. Using a nu-

merical method, Luo and Roetzel [42] solved the energy

equations of fluids, separating plates and fins simulta-

neously and compared their model with the traditional

model without consideration of fin dynamics. The dif-

ference between them is significant for small values of

NTU. However, compact heat exchangers usually have

large values of NTU and consequently Pingaud�s model
would be a good approach.

Recently, Roetzel et al. [43] proposed a general model

for dynamic responses of one-dimensional flow multi-

stream heat exchangers and their networks. The math-

ematical model is solved by the use of Laplace transform

and numerical inverse algorithm. Realizing the impor-

tance of systematic analysis in process design and con-

trol, they introduced three connection matrices so that

their solution can be directly applied to heat exchanger

networks. In the present paper, their method is further

developed to include the bypass controls. The software

TAIHE (transient analysis in heat exchangers) has been

developed to solve the mathematical models using the

Laplace transform and numerical inverse algorithm.

Examples are given to illustrate the procedures.

2. General mathematical model

Consider a generalized multistream heat exchanger

which consists of M fluid channels, Mw solid walls, N 0

stream entrances and N 00 stream exits. N 0 and N 00 can be

different due to stream splitting and junction. The fluid

flowing through a channel can exchange heat with all

solid walls. In the analysis, the following assumptions

are made. (1) The mass flow rate and fluid temperature

in each channel are considered to be uniform over the

cross-section perpendicular to the flow direction (ideal

plug-flow). (2) The longitudinal heat conduction in the

solid wall is neglected. (3) There is no lateral heat re-

sistances across the walls. (4) There is no heat loss to the

environment. (5) The heat transfer coefficients and the

properties of the fluids and wall materials are constant.

(6) There is no phase change in the exchanger. The

governing equation system can be written as

Wi
oti
os

þ _WWi
oti
ox

¼
XMw
j¼1

Uij tw;j
�

� ti
�

ði ¼ 1; . . . ;MÞ; ð1Þ

Ww;j
otw;j
os

¼
XM
i¼1

Uij ti
�

� tw;j
�

ðj ¼ 1; . . . ;MwÞ; ð2Þ

s ¼ 0 : ti ¼ giðxÞ ði ¼ 1; . . . ;MÞ;
tw;j ¼ gw;jðxÞ ðj ¼ 1; . . . ;MwÞ; ð3Þ

in which Wi and Ww;j are the heat capacities of fluid i and
wall j per unit length, _WWi is the thermal flow rate of fluid i

and Uij is the heat transfer parameter aF =L between fluid
i and wall j.

To specify the boundary conditions and bypasses in a

general form, four matching matrices are introduced and

defined as follows.

Interconnection matrix G: It is an M �M matrix

whose elements gij are defined as the ratio of the thermal
flow rate flowing from channel j into channel i to that

flowing through channel i.

Entrance matching matrix G0: It is an M � N 0 matrix

whose elements g0ik are defined as the ratio of the thermal
flow rate flowing from the entrance k to channel i to that

flowing through channel i.

Exit matching matrix G00: It is an N 00 �M matrix

whose elements g00li are defined as the ratio of the thermal
flow rate flowing from channel i to the exit l to that

flowing out of exit l.

Bypass matrix G000: It is an N 00 � N 0 matrix whose

elements g000lk are defined as the ratio of the thermal flow
rate flowing from entrance k to exit l to that flowing out

of exit l.

The energy balances at the inlets ofM channels yield

tiðs; x0iÞ ¼
XN 0

k¼1
g0ik t

0
kðs � Ds0ikÞ þ

XM
j¼1

gijtjðs � Dsij; x00j Þ

ði ¼ 1; . . . ;MÞ; ð4Þ

in which x0i and x00i are the coordinates of the inlet and
outlet of channel i, respectively. t0k is the supply tem-
perature of stream k. Ds0ik and Dsij are the time delays
from entrance k to the inlet of channel i and those from

the outlet of channel j to the inlet of channel i, respec-

tively. Similarly, the energy balances at the exits of N 00

streams read

t00l ðsÞ ¼
XN 0

k¼1
g000lk t

0
kðs � Ds00lkÞ þ

XM
i¼1

g00litiðs � Ds00li; x
00
i Þ

ðl ¼ 1; . . . ;N 00Þ; ð5Þ

where Ds00li and Ds000lk are the time delays from the outlet of
channel i to exit l and those from entrance k to exit l,

respectively.

2.1. A linear model for inlet temperature disturbances

Consider a heat exchanger which runs at first at a

steady state, of which all the parameters and tempera-

tures are denoted with ‘‘ b ’’. The steady-state tempera-
ture distributions t̂ti were obtained by Roetzel and Luo
[24] as follows:bTT ¼ bHH eK̂Kx bDD; ð6Þ

in which bTT ¼ ½̂tt1; t̂t2; . . . ; t̂tM 
T is the vector of steady-state
fluid temperature distributions in channels, eK̂Kx ¼
diag ek̂kix

n o
is a diagonal matrix and k̂ki (i ¼ 1; . . . ;M) are
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the eigenvalues of coefficient matrix of the governing

equation system, ÂA, whose elements read

âaij ¼
1c_WW_WW i

XMw
n¼1

bUUin

bUUjnPM
m¼1

bUUmn

 
� dij

!
ði; j ¼ 1; . . . ;MÞ;

ð7Þ
or using the overall heat transfer parameter,

bUU �
ij ¼ ðkF =LÞij ¼

1c_WW_WW i

XMw
n¼1

bUUin
bUUjnPM

m¼1
bUUmn

ði; j ¼ 1; . . . ;MÞ;

ð8Þ

which yields

âaij ¼
1c_WW_WW i

bUU �
ij

 
� dij

XM
k¼1

bUU �
ik

!
ði; j ¼ 1; . . . ;MÞ: ð9Þ

The Kronecker symbol dij used here is defined as

dij ¼
1; i ¼ j;
0; i 6¼ j:

�
ð10Þ

In Eq. (6) bHH is an M �M square matrix whose columns

are the eigenvectors of the corresponding eigenvalues. bVV 0

and bVV00 are two M �M matrices defined as

bVV 0 ¼ v̂v0ij
n o

M�M
¼ ĥhij ek̂kj x̂x

0
i

� 

M�M

; ð11Þ

bVV 00 ¼ v̂v00ij
n o

M�M
¼ ĥhij ek̂kj x̂x

00
i

� 

M�M

; ð12Þ

respectively. The coefficient vector bDD is determined

by the supply temperature vector of streams bTT0 ¼
½̂tt01; t̂t02; . . . ; t̂t0N 


T
asbDD ¼ ðbVV0 � bGG bVV00Þ�1 bGG0bTT 0: ð13Þ

Eq. (6) is valid only if the eigenvalues differ from each

other. It has been proved that all eigenvalues of matrix A

are real, however, Eq. (6) might have multiple eigen-

values [19–21]. A practical method to avoid multiple

eigenvalues is to add small deviations to the thermal

flow rates c_WW_WW i. Such small deviations have almost no

effect on the results.

The exit temperature vector of streams is obtained

according to the energy balance at the exits of streams,bTT 00 ¼ ½bGG000 þ bGG00 bVV 00ðbVV0 � bGG bVV00Þ�1 bGG0
bTT 0: ð14Þ

We assume that at s ¼ 0 the exchanger experiences
sudden changes in thermal flow rate vector _WW, heat
transfer parameter matrix U, matching matrices G, G0,

G00 and G000 and flow directions. They are kept constant

for s > 0. The parameters at the new operating point are
denoted with ‘‘ ’’. It is assumed that (1) the time delays in

the connecting and bypass pipes are constant and (2)

heat capacities of connecting and bypass pipes are neg-

ligible. If these two assumptions cannot be satisfied for

some connecting and bypass pipes, they can alterna-

tively be treated as additional channels of the exchanger

or exchanger network.

Introducing the excess temperatures hi ¼ ti � t̂ti and
hw;j ¼ tw;j � t̂tw;j and substituting them in to Eqs. (1)–(5)

with the assumption that the heat exchanger runs at first

at the steady state, the governing equation system reads

Wi
ohi

os
þ _WW i

ohi

ox
þ
XMw
j¼1

Uij hi

�
� hw;j

�

¼
XMw
j¼1

Uij

 
�

_WWic_WW_WW i

bUUij

!
ðt̂tw;j � t̂tiÞ ði ¼ 1; . . . ;MÞ;

ð15Þ

Ww;j
ohw;j
os

þ
XM
i¼1

Uij hw;j
�

� hi

�
¼
XM
i¼1

Uij t̂ti
�

� t̂tw;j
�

ðj ¼ 1; . . . ;MwÞ; ð16Þ

s ¼ 0 : hi ¼ 0 ði ¼ 1; . . . ;MÞ; hw;j ¼ 0
ðj ¼ 1; . . . ;MwÞ; ð17Þ

hiðs; x0iÞ �
XN 0

k¼1
g0ikh

0
k s
�

� Ds0ik
�
�
XM
j¼1

gijhj s
�

� Dsij; x00j
�

¼ �t̂tiðx0iÞ þ
XN 0

k¼1
g0ik t̂t

0
k þ

XM
j¼1

gijt̂tjðx00j Þ ði ¼ 1; . . . ;MÞ;

ð18Þ

h00
l ðsÞ �

XN 0

k¼1
g000lkh

0
k s
�

� Ds000lk
�
�
XM
i¼1

g00lihi s
�

� Ds00li; x
00
i

�
¼ �t̂t00l þ

XN 0

k¼1
g000lk t̂t

0
k þ

XM
i¼1

g00li t̂tiðx00i Þ ðl ¼ 1; . . . ;N 00Þ:

ð19Þ

2.2. A linearized model for flow disturbances

Now we consider a heat exchanger which runs at first

at a steady state, then the exchanger experiences flow

and inlet temperature disturbances around its new op-

erating point. The former will result in disturbances in

thermal flow rate vector _WW, heat transfer parame-
ter matrix U and matching matrices G, G0, G00 and G000.

The governing equation system for flow disturbances is

non-linear. Assume that the disturbances are relative

small so that the products of the disturbances and ex-

cess temperatures are negligible. Therefore the parame-

ters appearing in the non-linear term can be replaced

with their mean values at the new operating point de-

noted with ‘‘ ’’, which yields the following linearized

model:
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Wi
ohi

os
þ _WW i

ohi

ox
þ
XMw
j¼1

Uij hi

�
� hw;j

�
¼
XMw
j¼1

Uij

 
�

_WWic_WW_WW i

bUUij

!
t̂tw;j
�

� t̂ti
�

ði ¼ 1; . . . ;MÞ;

ð20Þ

Ww;j
ohw;j
os

þ
XM
i¼1

Uij hw;j
�

� hi

�
¼
XM
i¼1

Uij t̂ti
�

� t̂tw;j
�

ðj ¼ 1; . . . ;MwÞ; ð21Þ

s ¼ 0 : hi ¼ 0 ði ¼ 1; . . . ;MÞ; hw;j ¼ 0
ðj ¼ 1; . . . ;MwÞ; ð22Þ

hiðs; x0iÞ �
XN 0

k¼1
g0ikh

0
k s
�

� Ds0ik
�
�
XM
j¼1

gijhj s
�

� Dsij; x00j
�

¼ �t̂tiðx0iÞ þ
XN 0

k¼1
g0ik t̂t

0
k þ

XM
j¼1

gijt̂tj x00j
� �

ði ¼ 1; . . . ;MÞ;

ð23Þ

h00
l ðsÞ �

XN 0

k¼1
g000lkh

0
k s
�

� Ds000lk
�
�
XM
i¼1

g00lihi s
�

� Ds00li; x
00
i

�
¼ �t̂t00l þ

XN 0

k¼1
g000lk t̂t

0
k þ

XM
i¼1

g00li t̂ti x
00
i

� �
ðl ¼ 1; . . . ;N 00Þ:

ð24Þ

The governing equation system, Eqs. (20)–(24), is an

extended form of Eqs. (15)–(19), which takes the further

flow variations with time around the new operating

point into account. However, for non-linear problems,

i.e., _WW, U, G, G0, G00 and G000 are functions of time for

s > 0, therefore, the linearized model is an approximate
one which is only valid for small disturbances in inlet

fluid temperatures and mass flow rates.

3. The analytical solution with numerical inverse algo-

rithm

The governing equation systems for linear problems

and linearized non-linear problems are solved by means

of Laplace transform. Applying the Laplace transform

to Eqs. (20)–(24), we have,

d eHH
dx

¼ A eHH þ BbTT; ð25Þ

in which eHH ¼ ½~hh1; ~hh2; . . . ; ~hhM 
T. The elements of M �M
matrices A and B in Eq. (25) are given as

aij ¼
1

_WWi

XMw
n¼1

UinUjn

sWw;n þ
PM

m¼1 Umn

"
� dij sWi

 
þ
XMw
n¼1

Uin

!#
ði; j ¼ 1; . . . ;MÞ; ð26Þ

bij ¼
f_WW_WW i

_WW i
c_WW_WW i

XMw
n¼1

bUUin dij

 
�

bUUjnPM
m¼1

bUUmn

!

� 1

_WW i

XM
k¼1

XMw
n¼1

dik

 
� Uin

sWw;n þ
PM

m¼1 Umn

!

� djk

 
�

bUUjnPM
m¼1

bUUmn

!eUUkn ði; j ¼ 1; . . . ;MÞ;

ð27Þ

in which f_WW_WW and eUU are the Laplace transforms of ther-

mal flow rates and heat transfer parameters, respec-

tively, which can be written asf_WW_WW ðsÞ ¼ L½D _WW ðsÞ þ _WW 
 ¼ Df_WW_WW ðsÞ þ _WW =s; ð28ÞeUU ðsÞ ¼ L½DUðsÞ þ U 
 ¼ D eUU ðsÞ þ U=s: ð29Þ

The boundary conditions in the Laplace plane can be

expressed in the matrix form as

eHHðx0Þ ¼ eGG0 eHH0 þ eGG eHHðx00Þ � 1
s
bTTðx0Þ þ eGG0bTT 0

þ eGGbTTðx00Þ; ð30Þ

eHH00 ¼ eGG000 eHH0 þ eGG00 eHHðx00Þ � 1
s
bTT00 þ eGG000 bTT 0

þ eGG00 bTTðx00Þ; ð31Þ

in which eGG, eGG0
, eGG00

and eGG000
are matching matrices with

time delay, whose elements are given by gij e
�Dsijs,

g0ik e
�Ds0ik s, g00li e

�Ds00lis and g000lk e
�Ds000lk s, respectively.

According to the theory of linear algebra, the general

solution of Eq. (25) is obtained by substituting the

steady-state temperature distribution, Eq. (6), into Eq.

(25) and integrating the inhomogeneous term, which

yieldseHH ¼ HeKxDþ CeK̂Kx bDD; ð32Þ

where K ¼ kif gM�1 contains the eigenvalues of A and

H ¼ hij
� �

M�M
contains the eigenvectors of A. The term

CeK̂Kx bDD is the special solution of the inhomogeneous

ordinary differential equation system, Eq. (25), in which

C ¼ cij
� �

M�M
¼

XM
m¼1

himc0mj
k̂kj � km

( )
M�M

; ð33Þ

C0 ¼ c0ij
n o

M�M
¼ H�1B bHH: ð34Þ

The coefficient vector D in Eq. (32) is determined by

substitution of Eqs. (6) and (32) into Eq. (30), yielding
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D ¼ ðV0 � eGGV00Þ�1 eGG0 eHH0
�

þ eGG0bTT 0 � V
0

�
� eGGV

00

þ 1
s
bVV 0 � eGG bVV 00

�bDD�; ð35Þ

in which bDD is calculated with Eq. (13),

V0 ¼ v0ij
n o

M�M
¼ hij ekjx

0
i

n o
M�M

; ð36Þ

V00 ¼ v00ij
n o

M�M
¼ hij ekjx

00
i

n o
M�M

; ð37Þ

V
0 ¼ v0ij
n o

M�M
¼ cij ek̂kjx

0
i

n o
M�M

; ð38Þ

V
00 ¼ v00ij

n o
M�M

¼ cij ek̂kjx
00
i

n o
M�M

; ð39Þ

bVV 0 ¼ v̂v0ij
n o

M�M
¼ ĥhij ek̂kjx

0
i

n o
M�M

; ð40Þ

bVV 00 ¼ v̂v00ij
n o

M�M
¼ ĥhij ek̂kjx

00
i

n o
M�M

: ð41Þ

The exit temperature vector of streams is obtained from

Eq. (31), which can be written as

eHH00 ¼ eGG000 eHH0 þ eGG00
V00Dþ eGG000

�
� 1

s
bGG000
�bTT0

þ eGG00 bVV 00
�

þ eGG00
V

00 � 1
s
bGG00 bVV 00

�bDD: ð42Þ

If the deviations from a steady state occur only in inlet

stream temperatures, Eq. (42) reduces to

eHH00 ¼ eGG000
h

þ eGG00V00ðV0 � eGGV00Þ�1 ~GG0
i eHH0: ð43Þ

After having the analytical solution in the Laplace

plane, the temperature responses in the real-time domain

can be obtained by means of the numerical inversion

using the fast Fourier transform (FFT) technique

[31,44,45],

f ðznÞ ¼
expðaznÞ

z
Re ~ffn

�
� 1
2
~ff ðaÞ

�
; ð44Þ

where zn ¼ 2nz=M , 4=z < a < 5=z and the function

~ffn ¼
XM�1

k¼0

~ff a
�

þ ikp
z

�
exp i

2pnk
M

� �
ð45Þ

is calculated by means of FFT algorithm.

4. Applications of the general solutions

4.1. Example 1

This example is given by Roetzel and Xuan [46]. It is

a 1–3 shell-and-tube heat exchanger. The entrances of

the two fluids are located at the opposite ends of the

exchanger, as shown in Fig. 1. At first the heat exchanger

runs at a steady state and therefore has a zero excess

temperature distribution. Then the inlet excess temper-

ature of the shellside fluid undergoes a sinusoidal change

h0
1ðsÞ ¼ sin s. The authors pointed out that the Gaver–
Stehfest algorithm [47,48] cannot give correct responses

for this problem since the solutions contain oscillatory

components. In fact, as has been pointed out by Luo [49],

the Gaver–Stehfest algorithm is valid only if the solution

in real-time domain is continuous and monotone for

s > 0. Here the problem is resolved with the present

algorithm. As shown in Fig. 1, the heat exchanger has

four channels, two stream inlets and two stream outlets.

The corresponding connecting matrices and the loca-

tions of inlets and outlets of channels are given as

G ¼

0 0 0 0

1 0 0 0

0 1 0 0

0 0 0 0

26664
37775; G0 ¼

0 1

0 0

0 0

1 0

26664
37775;

G00 ¼
0 0 0 1

0 0 1 0

� �
; G000 ¼ 0;

x0 ¼

1

0

1

0

26664
37775; x00 ¼

0

1

0

1

26664
37775;

respectively, in which the exchanger length is taken as

L ¼ 1 m. The outlet responses are shown in Fig. 2, to-
gether with other parameters used in the calculation.

4.2. Example 2

Consider a heat shifting system consisting of two

counterflow heat exchangers coupled by a circulating

flow stream, which is used to indirectly transfer heat

from a hot stream (stream 1) to a cold stream (stream 2),

as shown in Fig. 3. This example is given by Na Ranong

[50] and Na Ranong and Roetzel [51]. In the analysis the

heat capacities of the shells and heat losses to the envi-

ronment are neglected. However, the heat capacities of

the connecting pipes for the circulating stream are taken

into account. The system operates initially at a steady

state. The steady-state parameters and connecting ma-

trices are given as follows:

Fig. 1. A shell-and-tube heat exchanger with one shellside pass

and three tubeside passes.
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U11 ¼ U22 ¼ 2; U31 ¼ U42 ¼ 12; U53 ¼ U64 ¼ 1;
other values of U are zero;

j _WW1j ¼ j _WW2j ¼ 0:25; j _WW3j ¼ j _WW4j ¼ j _WW5j ¼ j _WW6j ¼ 1;

W1 ¼ W2 ¼ 0; W3 ¼ W4 ¼ 1; W5 ¼ W6 ¼ 10;

Ww1 ¼ Ww2 ¼ 1:25; Ww3 ¼ Ww4 ¼ 1;

G ¼

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 1 0 0

0 0 1 0 0 0

2666666664

3777777775
; G0 ¼

1 0

0 1

0 0

0 0

0 0

0 0

2666666664

3777777775
;

G00 ¼
1 0 0 0 0 0

0 1 0 0 0 0

� �
; G000 ¼ 0;

x0 ¼

1

0

0

1

0

1

2666666664

3777777775
; x00 ¼

0

1

1

0

1

0

2666666664

3777777775
:

The system responses to a unit step disturbance in the

inlet temperature of stream 1 are shown in Fig. 4. The

results are the same as those given by Na Ranong [50].

Since the problem is linear, an easy way to obtain the

system responses to arbitrary inlet temperature distur-

bances is the use of Duhamel�s theorem [52],

h00
1ðsÞ ¼

Z s

0

h00U1
1 ðzÞh0ð1Þ

1 ðs � zÞdzþ h00U1
1 ðsÞh0

1ð0Þ

þ
Z s

0

h00U2
1 ðzÞh0ð1Þ

2 ðs � zÞdzþ h00U2
1 ðsÞh0

2ð0Þ; ð46Þ

h00
2ðsÞ ¼

Z s

0

h00U1
2 ðzÞh0ð1Þ

1 ðs � zÞdzþ h00U1
2 ðsÞh0

1ð0Þ

þ
Z s

0

h00U2
2 ðzÞh0ð1Þ

2 ðs � zÞdzþ h00U2
2 ðsÞh0

2ð0Þ; ð47Þ

in which h00Uj
i is the response of the outlet temperature of

stream i to a unit step change in the inlet temperature of

stream j and h0ð1Þ
j ðsÞ ¼ dh0

jðsÞ=ds (i; j ¼ 1; 2).

Fig. 2. Exit responses to a shellside sinusoidal inlet temperature change of 1–3 heat exchanger with stream entrances at opposite ends

ðj _WW1j ¼ j _WW2j ¼ j _WW3j ¼ j _WW4j ¼ _WW , W1= _WW ¼ 0:38, W2= _WW ¼ 0:25, W3= _WW ¼ 0:37, Ww1= _WW ¼ Ww3= _WW ¼ 0:35, Ww2= _WW ¼ 0:30, U11= _WW ¼
0:8NTU, U11= _WW ¼ U41= _WW ¼ U33= _WW ¼ U43= _WW ¼ 0:8NTU, U22= _WW ¼ U42= _WW ¼ 0:4NTU, h0

1ðsÞ ¼ sin s, h0
2ðsÞ ¼ 0Þ: (a) shellside fluid (b)

tubeside fluid.

Fig. 3. System of two counterflow heat exchangers coupled by

a circulating stream.
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If the mass flow rates are disturbed, the heat transfer

coefficients will also vary with time. By assuming that

the properties of the fluids are constant and using the

empirical correlation for the Nusselt number,

Nu ¼ CRem Prn; ð48Þ

the heat transfer parameter disturbances can be ap-

proximately expressed as

UðsÞ ¼ ½1þ rðsÞ
m�1 bUU ; ð49Þ

in which

rðsÞ ¼ _mmðsÞ � _̂mm_mm

_̂mm_mm
: ð50Þ

For a step change in one of the mass flow rates at s ¼ 0,
r is a constant. Thus we have _WW ¼ ð1þ rÞc_WW_WW , U ¼
ð1þ rÞm�1 bUU , D _WW ðsÞ ¼ 0 and DUðsÞ ¼ 0. In this case the
problem is linear. The system responses of the outlet

stream temperatures to step disturbances in mass flow

rates are shown in Fig. 5 with solid lines. In order to

Fig. 4. System responses to a unit step disturbance in the inlet temperature of stream 1 (h0
1ðsÞ ¼ 1).

Fig. 5. System responses from a steady state (ĥh0
1 ¼ 1, ĥh0

2 ¼ 0) to step disturbances in the mass flow rates of (a) stream 1 and (b) the

circulating stream. (a) r1 ¼ �0:2 (b) ri ¼ �0:2 (i ¼ 3, 4, 5, 6).
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check the validity of the linearized model, the problem is

resolved by setting D _WW ðsÞ ¼ rc_WW_WW , DUðsÞ ¼ ½ð1þ rÞm�1�
1
 bUU , _WW ¼c_WW_WW and U ¼ bUU , which yields a non-linear
problem. The system responses obtained with the lin-

earized model are shown in Fig. 5 with dotted lines. The

deviations between the linear model and linearized

model are less than 0.7% of the maximum temperature

difference. This error is caused due to omitting the non-

linear terms D _WW ðsÞhðsÞ and DUðsÞhðsÞ. For small dis-
turbances in D _WW and DU , the linearized model is a good
approach.

5. Conclusions

A general model for predicting the dynamic behav-

iour of one-dimensional flow (cocurrent and counter-

current) multistream heat exchangers and their networks

is proposed. By introducing four connection matrices

the solution is general and can directly be applied to

one-dimensional flow heat exchanger networks includ-

ing stream splitting and bypass controls.

The temperature dynamics of heat exchangers can be

classified into linear and non-linear problems. Dynamic

responses to arbitrary temperature transients, to sudden

flow rate transients and to sudden constructional chan-

ges (i.e. changes in flow directions, connections, splitting

and bypass) from a uniform initial condition or a steady-

state condition will yield a linear mathematical model.

However, dynamic responses to time-dependent distur-

bances in thermal flow rates, heat transfer coefficients or

flow distributions are non-linear problems and should be

solved numerically or approximately by means of lin-

earization. A new linearized model is developed to solve

the non-linear problems with small non-linear distur-

bances. In this model, the disturbances are treated ac-

cording to the independent parameters appearing in the

governing equation system rather than mass flow rates.

Since these parameters can always be expressed as

functions of mass flow rates, if the mass flow rates

change with time, the variations of these parameters

with time are also known. With this treatment, a further

linearization for these parameters is avoided. The pre-

sent linearization model is based on the new average

operating parameters for s ! 1 so that it is possible to

predict the temperature dynamics even from a non-

steady state because the influence of the initial temper-

ature distributions will vanish after a long time.

A software TAIHE is developed to include the pre-

sent general solution and applied to the present calcu-

lations of system responses to inlet temperature changes

and mass flow disturbances. Examples are given in detail

for a multipass shell-and-tube heat exchanger and a heat

shifting system consisting of two counterflow heat ex-

changers coupled through a circulating stream. In the

latter example the dynamics of the pipe lines are taken

into account by considering the pipe lines as flow

channels. The software TAIHE is originally part of the

selected computer programs developed by Luo and

Roetzel in connection with the book Dynamic Behaviour

of Heat Exchangers [32]. Using TAIHE one can cal-

culate outlet temperature responses to arbitrary in-

let temperature changes in multipass shell-and-tube

heat exchangers, cross-flow heat exchangers, multistream

plate-fin heat exchangers and their networks or arbitrary

mass flow disturbances in one-dimensional flow heat

exchangers and their networks. Maldistribution is taken

into account with the parabolic dispersion model. An

analytical procedure is used for rapid calculations of

linear and linearized problems. A numerical algorithm

with moving grid technique is offered for more accurate

calculation of non-linear problems. However, TAIHE

has not been published yet. More information about

TAIHE is available by contact with the corresponding

author.
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